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In this note we summarize our recent results for the temperature dependence of transport coef-
ficients of metallic films in the presence of spin-orbit coupling. Our focus is on (i) the spin Nernst
and the thermal Edelstein effects, and (ii) the phonon skew scattering contribution to the spin Hall
conductivity, which is relevant for the temperature dependence of the spin Hall angle. Depending
on the parameters, the latter is expected to show a non-monotonous behavior.
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I. INTRODUCTION
Via spin-orbit coupling, an electric field or a temper-
ature gradient applied to a two-dimensional electron gas
can generate both spin currents and spin polarisations,
even in the absence of magnetic fields. In particular, the
generation of spin currents is known as spin Hall and
spin Nernst effect, respectively. In fact, “spintronics”
and “spin caloritronics” have been a fast-growing field in
recent years, experimentally as well as theoretically. We
investigate these phenomena by means of a generalized
Boltzmann equation which takes into account spin-orbit
coupling of both intrinsic and extrinsic origin [1, 2]. The
spin Hall and Nernst effect are illustrated in Figs. 1 and
2.
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FIG. 1. Illustration of the spin Hall effect in comparison with
the Hall effect and the anomalous Hall effect. Here jc denotes
the charge current, and M the magnetization.
the gradient) and polarisations, the interplay between in-
trinsic and extrinsic mechanisms is shown to be critical.
The relation between spin currents and spin polarisations
is non-trivially affected by the thermal gradient [3]. It
is argued that for room-temperature experiments the T -
dependence of electron-phonon scattering dominates over
scattering at (static) defects. For example, we find that
the spin Hall conductivity is practically independent of
temperature for T above the Debye temperature [4]. For
details, see [1–4] and further references therein. Our fo-
cus in this note is on two-dimensional systems, though
some expression are easily generalized to three dimen-
sions [3].
In the next section, we briefly summarize the basic
elements of the kinetic theory (Sec. II), then we present in
Sec. III the results for the spin thermoelectric transport
coefficients. Section IV is devoted to room-temperature
phonon skew scattering. In the final section, Sec. V, we
FIG. 2. Illustration of the spin Nernst effect, with ∂xT de-
noting the spatial gradient of the temperature, and jzy the
spatial-y-component of the spin current with polarization in
z-direction.
ar
X
iv
:1
60
9.
00
56
1v
1 
 [c
on
d-
ma
t.m
es
-h
all
]  
2 S
ep
 20
16
2give a brief summary.
II. KINETIC THEORY
In order to set the stage, let us briefly discuss the stan-
dard model Hamiltonian for conduction electrons in a
parabolic band [5]:
Hˆel0 =
p2
2m
−α
~
σ×zˆ·p+Vimp(r)−λ
2
4~
σ×∇Vimp(r)·p . (1)
The static lattice potential Vcrys(r) does not appear ex-
plicitly here, since its effects have been incorporated in
the effective mass (m0 → m) and effective Compton
wavelength (λ0 → λ) [6, 7]. Above, zˆ is the unit vector
pointing towards the metal-substrate interface, whereas
p, r can be either vectors in the x-y plane for strictly 2D
films, or also have a z-component for thicker, 3D systems.
The second term on the r.h.s. is the Bychkov-Rashba [8]
intrinsic spin-orbit coupling due to structure symmetry
breaking, characterized by the coupling constant α. We
recall that the intrinsic band splitting due to this term,
denoted by ∆, is given by 2αkF , where kF is the Fermi
wavevector. The random impurity potential Vimp(r) en-
ters directly and through the fourth term, which repre-
sents the extrinsic spin-orbit interaction. In the strictly
2D limit the Hamiltonian (1) was used to study the spin
Hall [2, 9–11] and Edelstein effect [2] in the presence of
both intrinsic and extrinsic mechanisms at T = 0. Such
mechanisms were shown not to be simply additive, and
their interplay leads to a nontrivial behavior [2, 10].
The free phonon part of the Hamiltonian, Hph0 , which
is of the standard form [12, 13], has to be added to (1),
as well as the electron-phonon interaction. The latter,
conveniently presented in second-quantized form, is given
by (see, in particular, section 13 in [12], and chapter 10.7
in [13])
Hˆel−ph = g
∫
dr ϕˆ(r)ψˆ†σ(r)ψˆσ(r) , (2)
where summation over the spin index σ is implied. Corre-
spondingly, we have to include gϕˆ(r) also in the (second-
quantized form of the) last term on the r.h.s. of (1).
The relevant self-energy diagrams are shown in Fig.
3, l.h.s., for impurity scattering, and for electron-phonon
scattering, r.h.s. (For the moment, skew scattering is
not considered; see Sec. IV.) It is to be expected that the
latter dominates for high temperature, i.e., for T above
the Debye temperature TD. The kinetic (Boltzmann-like)
equation for the 2× 2 distribution function fp = f0 +σ ·
f , where f0 and f are the charge and spin distribution
functions, respectively, reads [1–3]
∂tfp+∇˜·
[ p
m
fp + ∆jsj
]
+
1
2
{F · ∇p, fp} = I0+Isj+IEY ,
(3)
FIG. 3. Relevant self-energy contributions which determine
the collision operators in the Boltzmann equation. The ar-
rowed lines represent the electron Green’s function in Keldysh
space, a cross (dot) the impurity (electron-phonon) vertex.
The wavy line denotes the phonon propagator, and a box
around a vertex the spin-orbit coupling.
where we introduced the covariant spatial derivative and
the SU(2) Lorentz force due to the Bychkov-Rashba spin-
orbit coupling:
∇˜ = ∇+ i
~
[
Aaσ
a
2
, ·
]
, (4)
F = − p
m
×Baσ
a
2
, (5)
Bai = −
1
2~
εijkε
abcAbjAck . (6)
A summation over identical indices is implied unless
stated otherwise. Note that an external magnetic field
is not included in these equations. The term ∆jsj in (3)
is a correction to the current due to side-jumps, given by
∆jsj =
λ2
8~τ
〈{
(p′ − p)× σ, fp′
}〉
pˆ′
, (7)
where 〈. . . 〉pˆ′ denotes the angular average. The collision
operators are not explicitly presented here. We only note
that I0 contains the standard terms describing momen-
tum relaxation due to electron-impurity and electron-
phonon scattering; the total momentum relaxation rate
is denoted by 1/τ . For T & TD the latter is similar to
the former, since in this limit electron-phonon scatter-
ing essentially is elastic, allowing for a simple addition
of the corresponding rates (Matthiessen’s rule). In the
case of dominant electron-phonon scattering, the high-T
momentum relaxation rate therefore is given by [13, 14]
~
τ
' 2pi (N0g2) kBT , T & TD , (8)
where N0 denotes the density of states at the Fermi sur-
face (per spin and volume). This high-T -expression is
known to be a good approximation even below TD (see,
e.g., chapter IX, § 5 in [14]). The last two terms on the
r.h.s. of (3), Isj and IEY, describe side-jump processes
and Elliott-Yafet spin relaxation, respectively, cf. [2, 3];
see also Fig. 3.
From the distribution functions, the relevant physical
quantities can be calculated. Here we present only the ex-
pressions for the y-spin polarization and the z-polarized
3spin current flowing along the y-direction:
sy =
∫
dp
(2pi~)2
fy =
∫
dpN0〈fy〉 , (9)
jzy = Tr
σz
2
∫
dp
(2pi~)2
[
py
m
fp +
λ2
8~τ
{
(p× σ)y , fp
}]
.
(10)
The second term on the r.h.s. of (10) is due to side-jumps,
cf. (3). Due to the Bychkov-Rashba term, a non-trivial
relation between sy and jzy is found:
∂ts
y +
2mα
~
jzy = −
∫
dp
N0
τs
〈fy〉 . (11)
Here we introduced the Elliott-Yafet spin relaxation rate
[15, 16] (or spin flip rate, hence the subscript s):
1
τs
=
1
τ
·
(
λk
2
)4
, (12)
where k ' kF . For an electric field the r.h.s. of (11)
reduces to −sy/τs, but it does not for a thermal gradient:
in the latter case, the energy dependence of 1/τs is found
to be crucial [3]. The spin relaxation due to intrinsic spin-
orbit coupling, named after Dyakonov and Perel [17], is
characterized by the following rate:
1
τDP
=
(
2mα
~2
)2
D , (13)
whereD is the diffusion constant. This expression applies
in the “dirty” limit, ∆τ/~ . 1. More generally, D has to
be replaced by D/[1 + (∆τ/~)2].
Considering small variations of the temperature and a
small electric field, the Boltzmann equation can be lin-
earized, and solved for the non-equilibrium part of the
distribution function. Integral expressions for the trans-
port coefficients follow; selected results are discussed in
the following sections.
III. SPIN THERMOELECTRIC EFFECTS
Efficient heat-to-spin conversion is the central goal of
spin caloritronics [18]. When considering metallic sys-
tems, two phenomena stand out in this field: the spin
Nernst effect [19, 20] and thermally-induced spin polar-
izations [21, 22]. They consist in the generation of, re-
spectively, a spin current or a spin polarization transverse
to an applied temperature gradient. Note that in [3], and
in this section, skew scattering is not taken into account.
We note, in particular, that the spin Nernst conductiv-
ity σsN was recently investigated on the basis of ab initio
methods [19], predicting a linear T -dependence.
As mentioned above, we consider the Boltzmann equa-
tion linearized in the temperature gradient and the elec-
tric field. Hence the “drive term” is proportional to
∂xf
eq =
(
p − F
T
∂xT + eEx
)(
−∂f
eq
∂p
)
, (14)
where f eq is the Fermi function. The transport coeffi-
cients of interest are defined as follows:
sy = PsEEx + PsT∂xT , (15)
jzy = σsEEx + σsT∂xT . (16)
Here we have chosen a symmetric notation with respect
to the subscripts “sE” and “sT”; of course, σsE, usually
denoted as σsH, is the spin Hall conductivity.
We obtain the following results (within the Sommer-
feld expansion, kBT  F ; see [3]): for the Edelstein
polarization coefficient we find
PsE = −2mα~2 τs · σ
sH , (17)
while the spin Hall conductivity is given by
σsH =
1
1 + τs/τDP
(
σsHint + σ
sH
sj
)
; (18)
furthermore,
PsT = −S0F [PsE(E)]′F , σsT = −S0F [σsH(E)]′F .
(19)
Here S0 = −(pi2kB/3e)kBT [lnσ(E)]′F is the standard
expression for the thermopower, and the prime denotes
differentiation with respect to energy; cf. chapter 7.9 in
[23]. In addition (see [2] and references therein):
σsHint = (e/4pi~)(τ/τDP) = (e/2pi~3)(αkF τ)2 , (20)
and [24, 25]
σsHsj = enλ
2/4~ = e(λkF )2/8pi~ . (21)
For the second equality in these equations, we used (13),
as well as n = k2F /2pi and D = v
2
F τ/2.
Finally, we consider concrete situations of experimen-
tal interest, namely (i) the thermal Edelstein effect, and
(ii) the spin Nernst effect, both for the case of open cir-
cuit conditions along the x-direction: this implies jx = 0,
and hence Ex = S∂xT , with the following results:
(i) : sy = Pt∂xT , Pt = SPsE + PsT , (22)
and
(ii) : jzy = σ
sN∂xT , σ
sN = SσsH + σsT . (23)
In both cases, we can identify “eletrical” and “thermal”
contributions. A non-linear T -dependence follows from
the fact that for high temperature 1/τ ∼ T , hence τs ∼
T−1 and τDP ∼ T ; see Figs. 4 and 5 for representative
examples.
Summarizing this section, symmetric Mott-like formu-
las for the current or thermally induced spin polarization
(Edelstein effect, thermal Edelstein effect) and for the
spin Hall and Nernst coefficients have been derived. The
T -dependence of the transport coefficients is non-trivially
affected by the competition between intrinsic and extrin-
sic spin-orbit coupling mechanisms, τDP versus τs. In
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FIG. 4. Thermal Edelstein polarization coefficient, Pt, versus
T/Tr, in units of S0,r(2mατr/~2)(e/8pi~), split into its ther-
mal and electrical contributions. The Elliott-Yafet spin re-
laxation is chosen as τ/τs = 0.01; in addition, τs,r/τDP,r = 1,
i.e., intrinsic and extrinsic spin relaxation are assumed to be
of the same order of magnitude. Tr denotes the temperature
scale (with the subscript r referring to room temperature).
Adapted from [3].
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FIG. 5. Spin Nernst conductivity in units of the “universal”
value of the intrinsic spin Hall conductivity times the Seebeck
coefficient at room temperature, S0,r ·e/8pi~, versus T/Tr, for
τ/τs = 0.01 and τs,r/τDP,r = 1. Tr denotes the temperature
scale (with the subscript r referring to room temperature).
Adapted from [3].
the diffusive regime the relaxation times have different
T -dependences, which ultimately causes a non-linear T -
behavior. The non-linearity is in general stronger for
the thermal Edelstein effect, and, especially in the spin
Nernst case, it becomes weaker with decreasing intrinsic
spin-orbit coupling strength.
IV. PHONON SKEW SCATTERING
A diversity of spin Hall effects in metallic systems is
known to rely on Mott skew scattering. In this section
its high-T counterpart, phonon skew scattering (pss), is
investigated. One of the corresponding self-energy di-
agrams is shown in Fig. 6. As a central result, the
pss spin Hall conductivity is found to be practically T -
independent for T above the Debye temperature TD [4].
FIG. 6. Phonon skew scattering self-energy; g denotes the
electron-phonon vertex, and Λ the parameter describing the
strength of the anharmonic lattice contribution, i.e., 3-phonon
processes. Note that Λ is proportional to the negative of the
Gru¨neisen parameter γ, namely Λ = −γ/(ρ1/2vs), where ρ
and vs are the ionic mass density and the sound velocity,
respectively.
As discussed in detail in [4], a certain T = 0→ T > TD
correspondence lets us immediately turn known T = 0 re-
sults into their T > TD counterparts, with the result that
the full expression for the high-T spin Hall conductivity
is structurally similar to the T = 0 expressions appearing
in [2]. Explicitly, for a 2D homogeneous bulk system:
σsH =
1
1 + τs/τDP
(
σsHint + σ
sH
sj + σ
sH
ss
)
, (24)
where the intrinsic part of the spin Hall conductivity and
the side-jump contribution were introduced in the previ-
ous section, see (20) and (21). In addition, for T = 0
where phonons can be neglected, one finds [24, 25]
σsHss,0 = 2pi
(
λkF
4
)2
en
m
N0v0τ , (25)
with N0 = m/2pi~2, and v0 the scattering amplitude.
Here τ is the impurity scattering time. We empha-
size that the side-jump spin Hall conductivity is inde-
pendent of the scattering mechanism (at least in simple
parabolic bands), whereas the skew scattering contribu-
tion is proportional to τ , i.e., to the Drude conductivity
σD = e
2nτ/m = enµ (e > 0).
Considering the phonon skew scattering self-energy
in detail, a major simplification arises in the high-T
limit, where the “greater” and “lesser” phonon Green’s
functions can be approximated by their classical limits.
Hence we find that the pss self-energy has the standard
form due to the coupling to an external field, whose role
is played here by a quantity which we denoted by D [4].
Exploiting the fact that the phonon energies (∼ ~ωD) are
small compared to ~ω ∼ kBT , one finds
D123 ≈ −3Λg3(kBT )2 . (26)
The T = 0→ T > TD correspondence for skew scattering
thus explicitly reads
niv
3
0 → −3Λg3(kBT )2 , (27)
where ni is the density of impurities. This yields at once
[2, 4]
σsHss = −3
(
λkF
4
)2
en
m
~Λ
g
. (28)
5FIG. 7. Conjectured temperature dependences of the spin
Hall angle, θsH ≡ eσsH/σ, based on the assumption θsH0 >
θsHT∼TD > 0 together with the result (31).
This shows that the pss spin Hall conductivity at high
temperature is T -independent, in particular, it does not
scale as the mobility (which was suggested in earlier
works [26–30], based on the T = 0 expressions). Note
that Λ < 0 [14].
Bearing in mind the relations jzy = σ
sHEx and jx =
σEx for the spin and the charge current, respectively,
the (dimensionless) spin Hall angle is defined by θsH =
ejzy/jx, i.e., θ
sH = eσsH/σ. For an estimate, consider
first T = 0 and the dirty limit (see above) αkF τ/~ < 1.
Dropping all numerical factors and ~’s, we find:
θsH0 ∼
1/τ
F
· (αkF τ)
2 + (λkF )
2 + (λkF )
2(F τ)(N0v0)
1 + (ατ/λ)2/(λkF )2
,
(29)
where the three terms in the numerator correspond to the
three terms displayed on the r.h.s. of (24). Since N0v0 ∼
1/2, it appears that the skew scattering term dominates
over the side-jump contribution. (Note, however, that
v0 can be of either sign; for the following discussion, we
assume v0 > 0.) Obviously, a more quantitative estimate
is difficult since the parameters are material-dependent
and generally not precisely known. In order to proceed,
let us assume that intrinsic spin-orbit coupling is small,
α < λ2kF /τ . Then we may neglect the corresponding
terms in the numerator and the denominator, with the
result
θsH0 ∼ (λkF )2 ·N0v0 . (30)
Since τ decreases with increasing temperature, this ap-
proximation improves with increasing T , and we find
from (28) the following estimate:
θsHT ∼ −(λkF )2 · Λ/(gτ) ∼ T . (31)
In particular, we realize that θsH0 > θ
sH
T∼TD . Thus the
T -dependence of the spin Hall angle is non-monotonous,
see Fig. 7.
V. DISCUSSION
In our recent works [3, 4], we have been able to ex-
tend the kinetic theory of spin-orbit coupled electron
(or hole) systems to finite (room) temperature, where
momentum relaxation is dominated (in most cases) by
electron-phonon scattering. The calculations are simpli-
fied in the high-T limit, T > TD, where electron-phonon
processes are elastic. This is particularly useful for the
phonon skew scattering contribution to the spin Hall con-
ductivity. We conjecture that the T -dependence of the
spin Hall angle, for weak intrinsic spin-orbit coupling,
may become non-monotonous.
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